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The rotational diffusion of electrically polarized metal nanowires suspended in an electrolyte is studied. The
alignmentofaBrowniannanowireinanacﬁeldwithagivendirectionisnotcompleteduetothermal(ﬂuctuating)
torques. The orientation distribution allows us to examine the electrokinetic torques acting on the nanowire for
smallervoltagesthaninpreviousdeterministicexperiments.Inaddition,thetorquesareobtainedwithoutrecurring
totherotationalfrictioncoefﬁcientasindynamicdeterministicexperiments.Thepresentresultsareinaccordance
with previous deterministic results of electro-orientation of metal nanowires. Nanowire rotation is originated by
both the electrical torque on the induced dipole and by induced-charge electro-osmotic ﬂow around the particle.
At low frequencies of the applied ac ﬁeld, induced-charge electro-osmotic orientation dominates while induced
dipole torque orientation dominates at high frequencies. The angular standard deviation and the rotational rate
are calculated from the measured ﬂuctuating angle as a function of time, and good agreement with theoretical
predictions is found. The experiments at high frequency indicate that the electrical torque on a nanowire near an
insulating wall is reduced with respect to the bulk.
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I. INTRODUCTION
Nanowires and nanotubes have attracted considerable
attention in the research community for their potential use
in biotechnology as biosensors [1], in microelectronics as
building blocks of novel nanocircuits [2], or in solar energy
technology for the absorption of light by means of a dense
array of nanowires [3].
The manipulation and characterization of nanowires in
solution using ac electric ﬁelds generated by microelectrodes
is of particular interest because such technologies can easily
be integrated into microdevices. To exploit such technologies
it is important that the fundamental electrokinetic properties
of these particles are fully understood. A metal particle
suspended in an electrolyte and subjected to an electric
ﬁeld acquires an induced electrical double layer which
dominates both the dielectric properties and the electrokinetic
behavior of the particle at low frequencies. Metal particles
suspended in electrolytes are often incorrectly modeled as
lossy dielectrics characterized by a ﬁnite conductivity and
permittivityignoringthedouble-layerpolarizationatthemetal
particle-electrolyte interface [4–7]. This simplistic model
predicts positive polarizabilities for all frequencies in the
quasi-electrostatic regime and implies that there should not be
anydipolerelaxationforthemetalparticleatthesefrequencies.
Furthermore, this model cannot explain the experimental
observations of the electrorotation of metallic particles [8–11]
or the frequency dependence of the electroorientation of metal
rods [12].
Electro-orientation (EOr) describes the alignment of a non-
spherical particle in an ac ﬁeld along a ﬁxed direction, while
electrorotation(ROT)istheasynchronousrotationofaparticle
in a rotating electric ﬁeld [13,14]. The EOr and ROT behavior
of metal nanowires suspended in an electrolyte has been
*Corresponding author: ramos@us.es
analyzed in previous publications [11,12]. Here we analyze
the equilibrium EOr behavior of nanowires in competition
with thermal (Brownian) forces. This experimental technique
enables much lower voltages to be used than conventional
experiments. A beneﬁt is that the typical voltage across
the double layer is then small and the more comprehensive
electrokinetic theories are developed for voltages smaller than
the thermal voltage (kBT/e= 25 mV). The metal nanowires
have typical lengths of several microns and diameters of
hundreds of nanometers. Although they quickly sediment
because of their mass density, the nanowires do not rest on
the bottom of the experimental chamber, but exhibit two-
dimensionalBrownianmotionatsomesmalldistancefromthe
bottom. This happens in low conductivity electrolytes (as used
in this work) where double layer repulsion prevents adhesion
to the bottom wall. Under these conditions, the nanowires
can orientate freely in an electric ﬁeld. After application
of the electric ﬁeld the nanowires tend to align along the
ﬁeld direction, but Brownian motion leads to a distribution
of angles around the ﬁeld direction [15]. A measure of the
electrokinetic torque acting on a particle is the external torque
requiredtoholdtheparticleatacertainorientationwithrespect
to the applied ﬁeld. In our experiments, the strength of the
electrokinetictorquedeterminestheamplitudeofthenanowire
angular ﬂuctuations, and this provides an alternative method
of measuring the EOr, particularly for smaller voltages. In
the present work, we have been able to measure nanowire
orientations for electric ﬁeld amplitudes that were between
0.7 and 0.3 times smaller than the ones used in previous
deterministic experiments. This means that we are able to
study electrokinetic torques which are an order of magnitude
smaller than previously (since they are quadratic with the
electric ﬁeld). Deterministic experiments of particle orienta-
tion (classical method) usually measure the particle rotational
velocity,andfromthistheelectrokinetictorquecanbeobtained
by using the rotational friction coefﬁcient. In the present
case, the steady-state angular distribution is independent of
the rotational friction coefﬁcient. This parameter is difﬁcult
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to measure accurately and depends on particle distance to
the wall. In other words, the present experimental technique
of balancing EOr against Brownian motion provides an
independent way ofmeasuring theelectrokinetic torque acting
on the particle, simply from a measurement of the angular
distribution.ROTandEOrexperimentsofmetalnanowirescan
be explained using dipole theory, with the assumption that the
particles are perfectly polarizable (i.e., there are no Faradaic
currents at the electrolyte-particle interface), and taking into
account some correction from induced charge electro-osmosis
(ICEO)theory[11,12].Inacﬁelds,perfectlypolarizablemetal
particles have a characteristic frequency ωRC corresponding to
the resistor-capacitor (RC) circuit formed by the capacitance
of the particle-electrolyte double layer and the resistance of
the liquid bulk. As an example, the characteristic frequency
for a sphere of radius a is ωRC = 2σ/(CDLa)[ 9], where σ is
the conductivity of the electrolyte and CDL is the double layer
capacitance per unit area. For a cylinder, this characteristic
frequency is a function of the aspect ratio. For frequencies of
the applied electric ﬁeld ω   ωRC, the induced double layer is
fully charged, the electric ﬁeld lines surround the particle, and
it behaves as an insulator. For angular frequencies ω   ωRC,
there is negligible induced charge in the Debye layer, the
electric ﬁeld lines intersect perpendicularly with the particle
surface,andtheparticlebehavesasaperfectconductor.Atlow
frequencies, when the nanowire behaves as an insulator, the
induced dipole is negligibly small, as is the applied electrical
torque on the particle. At high frequencies, when the nanowire
behaves as a conductor, the induced dipole is maximum and
theapplied torque isable toorientate thenanowire. Inaddition
to this, nanowire orientation is inﬂuenced by electroosmotic
ﬂow around the particle, i.e., ICEO orientation [15–18]. This
ﬂow occurs at low frequencies and is due to the interaction
of the applied electric ﬁeld with the induced charge in the
double layer. Indeed it is the main mechanism of nanowire
orientation at low frequencies, where the induced electrical
dipole is negligibly small. Experimentally, the amplitude of
ICEO orientation at low frequencies is several times smaller
than dipole orientation at high frequencies [12]. The predicted
ICEO orientation for an ideal double layer is much greater
than that observed experimentally, which is in agreement with
the observation that the ICEO slip velocity predicted for an
idealdoublelayerishigherthanthatmeasuredexperimentally,
sometimes by an order of magnitude [19]. Several reasons for
this have been proposed including dielectric coating [20,21],
counterion crowding [22], ion adsorption [21,23], surface
roughness[24],surfaceconduction[25]and/orﬂowinstability
of the concentration polarization layer [26].
In this paper, the Brownian rotational motion of an
electrically polarized metal nanowire is studied. Because the
particles perform Brownian motion near the bottom of the
experimentalchamber,weassumeintheanalysisthatnanowire
motion is two dimensional, an important assumption that
is validated experimentally. The background theory for the
rotationaldiffusionofametalBrowniannanowiresubjectedto
anacelectricﬁeldisﬁrstdescribed.Experimentalobservations
and measurements of the EOr of silver nanowires are then
presented. The angular standard deviation and the rotational
rate are calculated from the measured ﬂuctuating angles, and
the data are discussed with respect to theory.
II. THEORETICAL BACKGROUND
A. Summary of dipole and ICEO theories
Slender-body theory together with the experimental results
of EOr and ROT presented previously [12] show that particle
rotation due to ICEO ﬂow and particle rotation due to induced
dipole torque (IDT) have the same characteristic frequency
of the applied ﬁeld, which we term ωRC.I nR O T ,t h eI D T
drives rotation in a counterﬁeld direction, while ICEO drives
rotation in a coﬁeld direction. Both behaviors exhibit a single
maximum at an angular frequency ωRC. The nanowire angular
velocity in ROT is of the form
˙ θ = f
εE2
0
η
ω/ωRC
1 + (ω/ωRC)2, (1)
where η and ε are, respectively, the viscosity and dielectric
permittivity of the electrolyte, E0 is the amplitude of the
rotating electric ﬁeld, and f is a nondimensional parameter
thatdependsontheaspectratioofthewireβ = b/a(herea and
b are the nanowire semilength and radius, respectively). Both
mechanisms result from the interaction of the out-of-phase
induced charge with the applied electric ﬁeld, which means
that they both mirror the imaginary part of the particle
polarizability. ROT experiments show counterﬁeld rotation
that closely matches dipole theory, indicating that the ICEO
ﬂow is much smaller than expected from ICEO theory for an
ideal double layer.
In EOr, the two mechanisms occur over different frequency
ranges, with an overlapping region around ωRC. While ICEO
driven rotation decreases with frequency, IDT rotation in-
creases, so that the two spectra follow opposite trends. Both
mechanisms tend to align the rod with the direction of the
applied electric ﬁeld. When subjected to an applied electric
ﬁeld with ﬁxed direction, the nanowire angular velocity is of
the form
˙ θ = f
εE2
0
η

 
1 + (ω/ωRC)2 +
(ω/ωRC)2
1 + (ω/ωRC)2

sinθ cosθ,
(2)
where θ is the angle between the nanowire long axis and the
direction of the applied electric ﬁeld. Here   is a nondimen-
sional parameter that accounts for the different surface effects
that reduce the slip velocity in a nonideal double layer: surface
roughness, ion adsorption and/or dielectric coating. In EOr,
both IDT and ICEO result from the interaction of the in-phase
induced charge with the applied electric ﬁeld, which means
that they both mirror the real part of the particle polarizability.
The measured characteristic angular speed due to IDT is much
greater than that due to ICEO (experimentally     1), which
indicates again that ICEO ﬂow is much smaller than expected
from standard theory.
B. Fokker-Planck formulation for orientation distribution
Because of gravity, the nanowires sink and ﬂuctuate on the
bottomsurfaceoftheexperimentaldevice,undergoingtransla-
tionalandrotationalBrownianmotionintwodimensions(they
staywithinthefocalplaneofthemicroscope).Experimentally,
the nanowires orient almost parallel to the bottom, i.e., their
polar angle ﬂuctuates although they remain very close to the
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horizontal direction. In addition, their center-of-mass position
ﬂuctuates near the wall. The objective of this work is to study
the orientation of the nanowires within the focal plane. As a
ﬁrst approximation, it is assumed that the rotational diffusion
is characterized by a single diffusion coefﬁcient Dθ. Since
the nanowires stay within the focal plane near the bottom,
this system is similar to previous works characterizing the
rotational diffusion of protein ﬁlaments [27] or ellipsoids [28]
conﬁned between two walls.
Deterministic alignment due to both ICEO ﬂow around
the particle and the electrical torque on the induced dipole is
counterbalanced by Brownian (ﬂuctuating) torques. The prob-
ability density function (PDF) that describes the orientation
distribution is governed by the Fokker-Planck equation in one
dimension [15,29]
∂ 
∂t
+
∂
∂θ

  ˙ θdet − Dθ
∂ 
∂θ

= 0, (3)
where ˙ θdet isthedeterministicangularspeed,whichinourcase
has the form [12]
˙ θdet =−   sin(2θ)( 4 )
and Dθ is the coefﬁcient of rotational diffusion. Here the
orientational rate   is a parameter that depends on the
frequency of the applied electric ﬁeld and is proportional
to εE2
0/η [Eq. (2)]. The Einstein relation for the rotational
diffusion coefﬁcient is Dθ = kBT/γ, where γ is the viscous
coefﬁcient for rotational motion perpendicular to the primary
axis. In the experiments in this paper, this rotational diffusion
coefﬁcient is understood to be an average parameter that
accounts for the variation in the viscous drag with height and
polar angle that the nanowire explores in its ﬂuctuations [27].
The steady-state solution to Eq. (3) that satisﬁes the
condition of even symmetry ∂ /∂θ = 0a tθ = 0i s
  =  0e
−
  sin2(θ)
Dθ , (5)
where  0 is obtained from the normalization condition  π/2
−π/2  dθ= 1. Here we have restricted the angle domain to
(−π/2,π/2) because for a cylinder, angles θ = π − α and
θ =− α are indistinguishable. For  /Dθ   1, the PDF is
negligibly small except for θ   1, so that the PDF approaches
a Gaussian distribution
  ≈
 
πDθ
e
−  
Dθ θ2
. (6)
At high signal frequencies, there is negligible ICEO ﬂow
and the orientation is due entirely to the torque on the induced
charge on the particle surface. If the particle is far from a wall,
this torque can be written as the torque on the induced dipole.
In this case, the deterministic angular speed is [12]
˙ θdet =
τe
γ
=−
E2
0
4γ
Re[αx − αy]sin(2θ), (7)
where τe is the electrical torque on the particle, αx and αy are,
respectively, the polarizability along the particle long axis and
along the short axis. The minus sign indicates that the torque
tends to reduce the angle θ if Re[αx − αy] > 0. For slender
cylinders |αx| | αy|, which means that αy can be neglected
in the following analysis. The potential energy associated with
the torque τe is
U = 1
4Re[αx]E2
0 sin2 θ. (8)
From statistical mechanics, the probability density function of
the equilibrium state is given by the Boltzmann factor
 (θ) =  0 exp

−
U
kBT

=  0 exp

−
Re[αx]E2
0 sin2 θ
4kBT

,
(9)
which is equivalent to Eq. (5). When the nanowire is close
to an insulating wall, the torque exerted by the applied ﬁeld
is different from that seen in the bulk. The torque near
the wall is expected to be smaller than in the bulk (see
Sec. IV). Equation (9) can still be used in terms of an effective
polarizability, which is also a function of the distance to the
wall.
1. Autocorrelation function
When the angular dispersion is small, Eq. (4) can be
linearized and the PDF becomes
∂ 
∂t
− 2 
∂
∂θ
(θ ) − Dθ
∂2 
∂θ2 = 0. (10)
This equation describes the Brownian motion of an over-
damped harmonic oscillator. The autocorrelation function is
then [30,31]
 θ(t + τ)θ(t) =  θ2(t) e−2 τ =
kBT
K
e−2 τ, (11)
where K = 2 /Dθ is the constant of the harmonic oscillator
and  θ2(t) =kBT/K comes from the equipartition theorem.
In our case, and for the limit of high frequency K =
1
2Re[αx]E2
0. For data analysis, the mean square angular dis-
placement (MSD) will be used MSDθ =  (θ(t + τ) − θ(t))2 ,
which is related to the autocorrelation function and has the
form [32]
MSDθ(τ) = 2 θ2 −2 θ(t + τ)θ(t) =
2kBT
K
(1 − e−2 τ).
(12)
Therefore, measurements of the angular ﬂuctuation of the
nanowire in a thermal bath provide information of the rate
of orientation   [32], which can be directly compared to the
measurementsof  fromotherdeterministicexperiments[12].
III. EXPERIMENTS
A. Experimental details
The silver nanowires were supplied by “Nanostructured &
AmorphousMaterials,Inc”andareprovidedasapasteconsist-
ingof70wt%silverand30wt%ethanol.Polyvinylpyrrolidone
(PVP)isaddedduringsynthesisofthenanowires,andmightbe
present on the silver surface. Figure 1(a) is a scanning electron
microscope (SEM) image of the nanowires; with dispersed
length (2a) and width (2b). The diameter (2b)o ft h ew i r e s
varies between 160 and 320 nm. In this work, we measured
the properties of nanowires with lengths ranging between six
and seven microns. A statistical analysis of the aspect ratio
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FIG. 1. (a) SEM image of silver nanowires. (b) The histogram is
the result of the statistical study of the nanowires aspect ratio. Wires
aspect ratio varies between 0.03 and 0.05.
(β = b/a)ofthenanowiresbasedon21differentSEMimages
is shown in Fig. 1(b). The mean value of the aspect ratio
was β = 0.04 ± 0.01, where the uncertainty is the standard
deviation of the distribution.
Prior to use, the nanowires were washed several times in
an aqueous solution of KCl with a speciﬁc concentration.
The experiments were performed with three values of elec-
trolyte conductivity: 1.5, 5, and 15 mS/m. After washing,
a suspension of nanowires was placed at the center of an
electrode array made of four circularly shaped planar micro-
electrodes, and the appropriate ac signal was applied [see
Fig. 2(a)]. The total potential difference between electrodes
was V(t) = V0 cos(ωt). The microelectrodes were made using
photolithography and consisted of a 300-nm-thick platinum
layer patterned on a glass substrate. The diagonal gap between
opposite electrodes was 0.5 mm. For the EOr experiments the
electricalconnectionsareasshowninFig.2(a).Thisgenerated
an ac electric ﬁeld (E) of ﬁxed direction in the center of
the electrode array. When a silver nanowire was placed in
the center it orientated along this axis. However, because of
Brownianmotionthenanowireorientationisnotcompleteand
there is a dispersion in the angle θ between the axis of the wire
andtheelectricﬁeld[seeFig.2(b)].Thisexperimental angular
distribution is bell-shaped, centered along the direction of the
applied electric ﬁeld. All experiments were observed using an
inverted microscope and videos of nanowire orientation were
analyzed using a custom-made program in MATLAB.
B. Experimental results
Figure 3 shows the distribution of angles for three different
voltage amplitudes, for low [Fig. 3(a)] and high [Fig. 3(b)]
frequenciesofanappliedsignal.Thenumberofeventsinthese
(a) (b)
FIG. 2. (a)ElectricalconnectionsforEOrexperiments.(b)Angle
θ between the applied electric ﬁeld and the long axis of the nanowire.
histograms is around 1800 and the electrolyte conductivity is
1.5 mS/m. As the voltage is increased the angle distribution
narrows,i.e.,thenanowiresbecomemoreoriented.Inaddition,
orientation at high frequency (800 kHz) is greater than at
low frequency (3.2 kHz). Note the different scales for the
abscissa in the two graphs. At this low conductivity, the
nanowire behaves as an insulator at a frequency of 3.2 kHz
and as a conductor at a frequency of 800 kHz [11,12]. Typical
frequencies for transition (i.e., maximum of ROT as given
in our previous publications) are 40 kHz for 1.5 mS/m,
100 kHz for 5 mS/m, and 200 kHz for 15 mS/m. Therefore,
for an electrolyte of conductivity 1.5 mS/m, 3.2 kHz is
representative of a low frequency and 800 kHz representative
of a high frequency. We have previously shown [12] that at
low frequencies, nanowire orientation is mainly driven by
ICEO ﬂow, while at high frequencies nanowire orientation is
mainly due to the electrical torque on the induced dipole. The
ﬁgure shows that orientation due to ICEO (low frequency) is
much weaker than orientation due to the torque on the induced
dipole (high frequency) for the same voltage amplitude, in
agreement with our previous observations [12]. Furthermore,
these experimental angle distributions follow the expected
trend given by Eq. (5).
Since the typical measured angles θ are small, sinθ ≈ θ
and the PDF becomes a normal distribution [Eq. (6)]
 (θ) =
1
σ
√
2π
e
− θ2
2σ2 . (13)
Figure 4 shows the standard deviation σ as a function of
frequencyforthreeelectrolyteconductivities.Thestandardde-
viation was obtained by ﬁtting the experimentally determined
angulardistributiontoaGaussiandistribution.Forsomevalues
of σ we checked that the σ values obtained by ﬁtting to the
original PDF   =  0 exp[−(sin2 θ/2σ2)] were in agreement
with those obtained from a ﬁt to the Gaussian. The standard
deviation σ as a function of frequency shows that orientation
is greater at high frequency than at low frequency for the
same applied voltage. It also shows that σ at high frequency
is the same for all three conductivities, while at low frequency
σ increases with conductivity, i.e., nanowire orientation
decreases with conductivity at low frequencies. These features
of nanowire orientation shown in the ﬁgure agree with our
previous publication [12], namely: (a) EOr at high frequency
is greater than EOr at low frequency, and (b) EOr at high
frequencies does not depend on electrolyte conductivity while
at lowfrequencies itdecreases withconductivity. Inparticular,
this later observation is a manifestation of the fact that ICEO
ﬂow around the particle (the mechanism of orientation at
low frequencies) decreases with conductivity, as observed in
ICEO experiments [19,33,34]. For quantitative comparison to
previous results we need to examine the relationship between
the standard deviation σ and the orientational rate  ,t h e
parameter that is measured directly in the deterministic EOr
experiments. According to Eq. (6) the relationship is
σ2 =
Dθ
2 
=
kBT
2γ 
. (14)
The theoretical viscous coefﬁcient γ for a cylinder (away
from a wall) with aspect ratio β = 0.04 is given in [35].
Converting the value of   to the value expected from the
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(a) (b)
FIG. 3. (Color online) Distribution of angles as function of voltage amplitude V0 for a frequency of (a) 3.2 and (b) 800 kHz. The dispersion
of angles decreases as the voltage increases. Note the different scales on the abscissa axis in both ﬁgures showing that the angle distribution is
narrower for higher frequency.
present experiments (assuming   ∝ E2
0), then the difference
between the experimental values of σ and the values expected
from previous experiments is less than 20% for the low
frequency limit, and less than 10% for the high frequency
limit.
Both ICEO orientation and dipole torque orientation are
proportional to the applied electric ﬁeld squared. This means
that the standard deviation σ should be inversely proportional
tovoltage.Figure5showsσ asafunctionofreciprocalvoltage
fortwovaluesoffrequency,3.2and800kHz(foranelectrolyte
conductivity of 1.5 mS/m). As in Fig. 4, particle orientation
is greater at high frequency (smaller standard deviation σ).
The straight dashed line is the theoretical result for an induced
dipole where the particle behaves as a conductor, and is far
from the wall. At high frequencies nanowire orientation is due
to the electrical torque on the induced dipole and the PDF is
proportional to the Boltzmann factor, Eq. (9). Therefore, the
relationship between σ and the polarizability αx is
σ =

2kBT
Re[αx]E2
0
, (15)
FIG. 4. (Color online) Standard deviation σ as function of fre-
quency for three conductivities: 1.5, 5, and 15 mS/m. The applied
voltage amplitude was V0 = 5V .
giving the theoretical straight line shown in the ﬁgure.
The polarizability is given by αx = 4πεa3A, where A is
nondimensional. For the previous calculations kBT = 4.14 ×
10−21 J, with T = 300 K, nanowire half-length a = 3.25μm,
nondimensional polarizability Re[A] = 0.155 for aspect ratio
b/a = 0.04. The electric ﬁeld was estimated to be E2
0 =
2.37V 2
0 × 106 V2m−2, calculated numerically from the aver-
age torque within the ﬁeld of view. To obtain this torque,
Laplace’s equation for the electrical potential was solved
using the commercial program COMSOL. The ratio between
the experimental and theoretical values of σ is 1.1 ± 0.1f o r
the data in Fig. 5 (electrolyte conductivity of 1.5 mS/m). The
same ratio for σ at high frequency (the data from Fig. 4),
usingthethreeconductivities,givesσexp/σtheo = 1.19 ± 0.08.
These results indicate that the predicted torque in the bulk is
higher than that measured near the wall.
For high frequencies, and according to Eq. (15), σE0 is a
function of half-length a and is independent of E0. Figure 6
showsalog-logplotofσV0 asafunctionofnanowirelengthfor
a conductivity of 1.5 mS/m, and a frequency of 800 kHz. This
ﬁgure shows the dependence of σ on nanowire length, (which
FIG. 5. Standard deviation σ as function of reciprocal of voltage
1/V0 for two ﬁxed values of frequency: 3.2 and 800 kHz. The dashed
line is theoretical, valid for high frequency. The liquid conductivity
is 1.5 mS/m.
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FIG. 6. Standard deviation σ as function of nanowire length.
Case for high frequency (800 kHz) and an electrolyte conductivity of
1.5 mS/m.
for the other ﬁgures of this work was set to be in the range
between 6 and 7 μm). The experimental measurements were
obtained using different voltage amplitudes V0 between 2 and
6 V. According to Eq. (15), the ﬁgure is the standard deviation
for V0 = 1 V as a function of nanowire length. For this plot,
the angle standard deviation σ was computed using the square
root of the average of the squares (
	
i θ(ti)2/N) following
individual particles in time (instead of ﬁtting the angular
dispersion to a Gaussian). Measurements were performed for
tenparticlesofagivenlength,andtheerrorbarsarethedisper-
sionsof thesemeasurements. Thetheoretical curve isobtained
from Eq. (15), which is valid for high frequency. The angular
standard deviation σ is proportional to a−3/2Re[A]−1/2, where
the nondimensional polarizability Re[A] varies slowly with a.
The experimental values of σ × V0 follow the trend given by
Eq. (15) although they are all systematically greater. This was
also true for the results in Figs. 4 and 5. For the results in
Fig. 6, the ratio between experimental and theoretical values
of σ is σexp/σtheo = 1.2 ± 0.2.
We investigated the angular dynamics of the nanowires to
determine the rotational rate  . Figure 7 shows an example of
FIG. 7. MSDθ as a function of τ. Applied signal of V0 = 6V ,
f = 800 kHz, electrolyte conductivity 1.5 mS/m, nanowire length =
6.5 μm.
FIG. 8.   as a function of voltage amplitude squared V 2
0 .C a s e
for f = 800 kHz, conductivity 1.5 mS/m, length 6.5 μm.
the mean square angular displacement MSDθ =  (θ(t + τ) −
θ(t))2  as a function of time lag τ for the high frequency case.
The MSDθ(τ) curve was obtained from the angular trajectory
of a nanowire and this was averaged for four particles. More
than 300 angles were measured for each selected nanowire.
From the ﬁt to the theoretical expression for MSDθ,E q .( 12),
the exponential factor 2  is obtained. The ﬁgure shows a
correlation time of around 0.2 s and the MSDθ curve saturates
beyond 0.4 s, indicating that correlation is lost for that time
increment.
Figure 8 shows the values of   obtained from the ﬁt of
MSDθ to Eq. (12). It depicts   as a function of voltage
amplitude squared V 2
0 for the high frequency case. The plot
also shows the prediction for   if the nanowires were in the
liquid bulk (here we have used the viscous friction coefﬁcient
corresponding to β = 0.04 given in [35]). The ratio between
theexperimentalandtheoreticalvaluesis exp/ theo = 0.62 ±
0.04. The orientational rate   was obtained by deterministic
experiments in our previous work [12]. Using the data from
this previous work, the ratio  exp/ theo = 0.74 ± 0.07.1 The
results from the two methods are close to each other and both
are smaller than the theoretical prediction for the liquid bulk.
IV. DISCUSSION AND CONCLUSION
TheBrownianstochasticEOrexperimentsareinqualitative
agreementwithpreviousdeterministicEOrexperiments.Thus,
the angle dispersion at equilibrium has shown that low
frequency EOr is much weaker than high frequency EOr for
the same applied electric ﬁeld. With respect to a quantitative
comparison to previous experiments, the standard deviation
in angle predicted using previous experimental parameters is
in agreement with the observed angular standard deviation.
A quantitative comparison to the theory is difﬁcult for low
1This value differs slightly from that given in [12] because it is
calculatedusingtherotationalfrictioncoefﬁcientgivenin[35],which
seems to be more accurate than that given in [36] for our nanowire
slenderness.
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frequency experiments because ICEO depends strongly on
the characteristics of the particle surface, which are not well
controlled. It is observed that EOr at low frequencies is much
smaller than predicted for an ideal double layer, i.e., without
taking into account effects like surface roughness [24], ion
adsorption [21,23], or dielectric coating [20,21]. Other effects
like ion crowding [22], surface conduction [25], and ﬂow
instability of the concentration polarization layer [26]m a y
be neglected in our experiments because the typical voltage
across the double layer (given by typical electric ﬁeld times
nanowire half-length E0a) was close to 25 mV or smaller.
It is also observed that EOr at low frequencies decreases
with electrolyte conductivity, which mirrors the experimental
observation that ICEO decreases as electrolyte conductivity
increases. A quantitative comparison to the theory is possible
in the high frequency limit where the deterministic torque
arisesentirelyfromtheelectricaltorqueontheinduceddipole.
Here good agreement is found: the angular standard deviation
σ as a function of voltage (Fig. 5), σ as a function of length
(Fig. 6), as well as the orientational rate   as a function of
voltage (Fig. 8) follow expected trends.
The angular standard deviation σ shown in Figs. 3 to 6 is a
feature of the equilibrium state, where the dynamics required
to reach equilibrium are not present. In other words, this
parameter is independent of the rotational friction coefﬁcient
[see Eq. (15)]. The angular standard deviation from IDT
deviates from prediction by between 10% to 20%. Most of
this discrepancy can be ascribed to the inﬂuence of the wall
on the electrical torque. If the electrical torque is reduced by a
factorτwall
e /τbulk
e between 0.69and0.83, themeasured angular
standard deviation would conform to theory (note that σ2 ∝
1/τe).Inourpreviouspaperweascribedmostofthedifference
between dipole theory and high frequency experiments to
wall effects on the viscous torque. In view of the present
experiments, wall effects should also be important for the
electrical torque. Qualitatively the electrical torque should be
reducedduetothepresenceofthewallasfollows.Theelectric
ﬁeld that surrounds a polarizable particle near a wall can be
seen as the sum of the applied electric ﬁeld plus the electric
ﬁeld that the image charges create on the particle. For an
insulatingwall(wheretheboundaryconditionforthepotential
is normal current equal to zero) the image charges do not
changesignand,thereforetheimageofadipoleplacedatz = h
is an identical dipole placed at z =− h (see Fig. 9). The dipole
image creates an electric ﬁeld on the particle in the direction
opposite to the applied ﬁeld, which in turn reduces the overall
electric ﬁeld. The Appendix shows numerical calculations
of the electrical torque for the high frequency limit. The
numerical calculations were performed using ﬁnite element
analysis for the complete electrical problem and also using
numerical calculations for a slender-body approximation. The
results indicate that the electrical torque can be reduced by up
to a factor of 0.6 with respect to the torque in the bulk.
Figures 7 and 8 show the rate of orientation   obtained
from the mean square angular displacement as a function
of increment of time. These values of   can be compared
to the values obtained from deterministic experiments [12].
Comparing just the values for the high frequency limit shows
that the experimental values of   from the two methods are
close; the Brownian experiments have values around 20%
FIG. 9. Induceddipoleparalleltoaninsulatingwallanditsimage
dipole.
smaller. An important difference between the two methods is
thatthepresentexperimentswereperformedinalowervoltage
range. This discrepancy might indicate a voltage dependence
of nanowire equilibrium distance to the wall. However, the
dispersion in the measurements is too high to be conclusive,
and it would be interesting to pursue this issue further.
Both methods provide   values smaller than the theoretical
IDT prediction for the bulk. In the present experiments
 exp/ theo = 0.62 ± 0.04 and part of the reduction can be
explained by a reduction of the electrical torque τwall
e /τbulk
e
between 0.69 and 0.83, but the increase of viscous friction
near wall is also needed to conform experiments with theory.
Therefore, the proximity to the insulating wall affects the
electrical torque as well as the viscous torque, and both effects
contribute to a reduction in the angular velocity (the electrical
torque diminishes and the viscous torque augments).
To conclude, experiments of the electro-orientation of
nanowirescounterbalancedbystochasticthermaltorqueshave
been performed. The nanowires have a high mass density and
undergo Brownian motion close to the bottom wall of the
experimental system, where they are oriented in an ac electric
ﬁeld. This method has allowed us to investigate the electro-
orientation of metal nanowires for a smaller voltage range
than previously used in deterministic experiments. The results
are in agreement with previous experimental results: nanowire
rotation is driven by both the electrical torque on the induced
dipole and by induced-charge electro-osmotic ﬂow around the
particle. At low frequencies, induced-charge electro-osmotic
rotation dominates while induced dipole torque rotation dom-
inates at high frequencies. Good agreement with theoretical
predictions is found in the high frequency limit, which
conﬁrms the validity of the method. The experiments at high
frequency suggest that there is a reduction in the electrical
torque on the nanowire near an insulating wall.
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APPENDIX
In this Appendix we analyze the effect of an insulating
wall on the electrical torque on a conducting cylinder. The
insulating wall forms the plane z = 0 and the cylinder long
axis is parallel to the wall and along the x direction, placed at
z = h. An electric ﬁeld is applied to the cylinder at an angle
of 45o with respect to the cylinder axis, E0 = 1 √
2E0(ux + uy).
Near a wall, the electrical torque cannot be calculated simply
as the torque on an induced dipole. The electric ﬁeld that acts
on the particle is sum of the externally applied ﬁeld plus that
due to image charges. In this Appendix the electrical torque
is computed numerically by two methods. The ﬁrst method
solves Laplace’s equation for the electrical potential in three
dimensions ∇2  = 0 using the ﬁnite element method, and the
Maxwellstressesareintegratedoverthesurfaceofthecylinder
τz = uz ·


r × Te · dS, (A1)
where τz is the electrical torque around the vertical axis z
and Te = εEE − 1
2εE2I is the Maxwell stress tensor. The
boundaryconditionsforthepotentialare:(a)normalderivative
equalzero∂ /∂n= 0attheinsulatingwall;(b)ﬁxedpotential
on the cylinder surface equal to zero   = 0; and (c) ﬁxed
potential far from the cylinder corresponding to the applied
electricﬁeld,  =−1 √
2E0(x + y).Theelectricalpotentialand
the electrical torque were computed using ﬁnite elements with
the commercial program COMSOL.
In the second method, numerical calculations of the
torque are performed using a slender-body approach, valid
for distances to wall much greater than the cylinder radius
(h   b). In the slender-body approximation, the electrical
potential due to the charges induced on the surface of the
conducting particle can be written as if this potential were
created by an effective linear charge density λ distributed
along the particle axis [37–39]. Taking into account the image
charges due to the insulating wall, the potential outside the
slender cylinder can be written as
 (r) =− E0 · r +
1
4πε

 a
−a
λ(s)
|r − r1(s)|
ds
+
1
4πε

 a
−a
λ (s)
|r − r2(s)|
ds, (A2)
where E0 is the applied ﬁeld, r1(s) = (s,0,h) is the position
vector of the linear charge (which is the particle axis), λ (s) =
λ(s) for an insulating wall, and r2(s) = (s,0, − h)i st h e
position vector of the linear image charge. In the slender-body
approximation, the electrical torque comes from the action of
FIG. 10. (Color online) Electrical torque near wall on a cylinder
τwall normalized with the one in the bulk τbulk as a function of
nondimensional distance to the wall h/b.C a s eb/a = 0.04.
the electric ﬁeld perpendicular to the axis E0y on the induced
charge due to the electric ﬁeld parallel to the axis E0x [12].
Therefore, we need only to calculate λ induced by E0x.T h e
integral equation that determines λ comes from imposing that
the potential is zero on the cylinder surface
4πεE0xx =

 a
−a
λ(s)

(x − s)2 + b2ds
+

 a
−a
λ(s)

(x − s)2 + (2h)2ds, (A3)
where the potential due to the image charge on the cylinder
surface has been approximated taking into account (2h   b).
The integral equation (A3) is solved numerically using the
Galerkin method. The linear charge was approximated by a
polynomial λ(s) = As + Bs3 that takes into account the odd
symmetry λ(−s) =− λ(s), where A and B are the constants
to be determined by the Galerkin method. Finally, the torque
on the particle is computed as
τz =

 a
−a
sλ(s)E0yds. (A4)
Figure 10 shows the electrical torque on the nanowire τwall
normalized with the torque far from the wall τbulk as a function
ofnondimensionaldistancetothewallh/b computedbyusing
ﬁniteelementsandusingtheslender-bodyapproximation.The
resultsarealmostcoincidentandshowthattheelectricaltorque
near the wall can be reduced up to a factorof 0.6 with respect
to the electrical torque in the bulk.
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